An expression for the probability of the excitation of polarized atoms by polarized radiation is obtained by using the graphical technique of angular momentum. In the case of pure states, the applied method is an alternative to that of density matrix formalism. The obtained expression enables one to describe the polarization state of an excited atom and can be used to derive formulas for the special cases under specific experimental conditions as well as for the photoexcitation as the first step process. The application of obtained expressions for the description of multistep processes is discussed. The photoexcitation of unpolarized atoms by polarized radiation and polarized atoms by unpolarized radiation is considered as the examples of practical application of the obtained general expression.
Introduction
The laser [1] and tunable synchrotron radiation allows one not only to ionize an electron of a specific outer or inner shell of an atom but also to excite it to a specific orbital [2, 3] . The state of the produced atom is polarized if the radiation is polarized. Thus, the excitation of atoms by polarized radiation is one of the ways to produce atoms in polarized states for further measurements [4, 5] . In the case of inner-shell ionization, the ions can emit the fluorescence radiation [6, 7] that provides information about the polarization state of an atom before the ionization. The decay of atomic states via the emission of a photon is the only way when electrons are excited from outer shell. The emission of an electron is another way of decay of an excited atomic state in the case of the inner-shell ionization [8] . Thus, the photoexcitation can be used as a first step to create a resonant state with well-defined angular momentum and parity for further investigations of polarization and angular correlation phenomena [8, 9] .
The main aim of the present work was the derivation of a general expression for the probability of the excitation of polarized atoms with polarized radiation and the application of this expression for specific cases to describe the polarization used in measurements. The application of the general formula for description of the photoexcitation as the first step process is also considered. For derivation of the expression for excitation probability, the graphical technique of angular momentum [10] is applied. So far, the investigations of the photoexcitation of polarized atoms was performed only by using the methods of density matrix [11, 12] , therefore, our treatment is an alternative to the density matrix formalism. Some improvements of the graphical technique and methods of the ordinary atomic theory suggested in [13] [14] [15] have also found an application in the present work.
Derivation of the photoexcitation probability
To obtain the general expression for the excitation of polarized atoms by a polarized radiation the following process was studied:
Here an atom A in the state α 0 J 0 M 0 is excited by the electromagnetic radiation into the state α 1 J 1 M 1 , where α defines the configuration and other quantum numbers, J is total angular momentum, and M is its projection. The electromagnetic radiation is described by the wave vector k 0 and unit vector ǫ λ of the polarization (λ is the helicity, λ = ±1). The system of atomic units is used in the present work ( = e = m = 1, c = 137, unless these constants are displayed explicitly). It is assumed that the fine structure splitting ≫ line width ≫ hyperfine structure splitting. Then the states of an atom can be characterized by the total angular momentum of all electronic shells. The modifications enabling the calculations of probability in a case when hyperfine structure is important will be described below. In the present work, it is assumed that the directions for the measurement of the projections M 0 and M 1 may be different. The differential cross-section of the process (1) can be written as follows [12] :
Here J(r) stands for the operator of the current of electrons and A λk 0 (r) is the operator of the vector potential of electromagnetic field. Taking into account that kr ≫ 1, assuming an arbitrary direction of the incidence k 0 of the photon, and inserting the multipole expansion for the A λk 0 (r), the expression in the right square brackets of (2) acquires the form [12] 
Here D k qλ ( k 0 ) is the Wigner rotation matrix [16] , and p = 0 indicates the operator of electric multipole transition (Ek)
and p = 1 is for the magnetic multipole transition (Mk)
Note that the parities of the magnetic and electric multipole fields are (−1) k and (−1) k+1 , respectively. Only the magnetic (Mk) and electric (Ek) part contributes to transitions between specific electronic states owing to parity selection rules. Since we are considering pure photon states, there is no need to introduce Stokes parameters explicitly. In electrical dipole approximation, the matrix element (4) is as follows:
The helicity λ = ±1 describes the right-hand and left-hand circular radiation. In the case of any polarization ǫ, the polarization may be expressed via the circular polarizations. Then
has to be inserted into Eq. (3) to obtain the expression for the excitation cross-section (2).
Since there is no dependence on the direction of k 0 in the electrical dipole approximation, the calculated angular distributions of the emitted radiation are symmetric with respect to k 0 reversal. Retaining terms up to the second order, the calculation then includes electric dipole -electric quadrupole (E1-E2) and electric dipole -magnetic dipole (E1-M1) cross terms, i. e. interference between the E1 photoionization amplitudes and those for E2 and M1 interactions, but excludes E1-M2, M1-M1, and E2-M1 cross terms that are of the order (k 0 r) 2 . The E1-E2 and E1-M1 cross terms have odd parity and produce calculated asymmetry in angular distributions of radiation with respect to the reversal of the direction of k 0 [17] .
Sometimes it is more convenient to analyse the polarization state of a particle with respect to the direction that differs from the one used for the calculation of the matrix element, where all particles of the process (1) should be described in the same coordinate system, and their projections of the angular momentum are on the same quantization axis. For switching from the wave function |JM defined in the laboratory fixed direction to the wave function |J M of the atomic frame, the coordinate rotation transformation [16] is used:
Here
( J) denotes the Wigner rotation matrix [16] , and the hat on J indicates the rotation by solid angle that transforms the atomic frame into the laboratory one used for the polarization measurements of the characteristics depending on J. In the laboratory system of coordinates the matrix element
q |α 0 J 0 M 0 can be written, by taking into account Eq. (9), in the form
The matrix element
|α 0 J 0 M 0 is defined in the atomic frame. The angular momentum part of this matrix element is represented by diagram A 1 in Fig. 1 [10] , where the open lines are defined in the laboratory fixed coordinate system, the circles with D inside stand for the Wigner rotation matrices (9) , and the rectangle at the lines representing the total angular quanta J of the initial and final states stands for the configuration and other quantum numbers. The application of the Wigner-Eckart theorem [10] enables us to separate the part that is independent of the space rotation (diagram A 2 in Fig. 1 ) and a Clebsch-Gordan coefficient (diagram A 3 in Fig. 1 ) that, together with the Wigner rotation matrices (see Fig. 1 ), describes the directions of an atom in the initial and final states and a photon. The second Clebsch-Gordan coefficient comes up from the diagram of the complex conjugate matrix element (2) .
For further simplification of the part describing the space rotation dependence, the following relation can be used:
The tensor in Eq. (11) is defined as [15] T * K
Three Clebsch-Gordan coefficients for each momentum J 0 , J 1 , and k (see Eq. (11)) are used to perform the summation over the projections (11) . The final expression for the excitation probability (2) can be written by using diagrams A 2 , A 6 , and A 7 in the following form: where
In Eq. (14) the relation
In the case when hyperfine structure is important, the reduced matrix element
A simple relation between these two matrix elements holds:
I is the spin of the nucleus. The values of J 0 , J 1 in Eqs. (14) and (15) should be changed by F 0 , F 1 . The probability W (α 0 J 0 M 0 ǫk 0 → α 1 J 1 M 1 ) equals to the cross-section (2) divided by the density of the flow of the radiation. Then the same expressions of the crosssection can be used for the probability, only the definition of the constant C should be changed.
Photoexcitation as the first step of a multistep process
The excitation of an atom by laser or other electromagnetic radiation is often used to prepare the atom in a polarized state. Then the magnetic state of an atom is not observed, and summation over M 1 has to be performed coherently. In this case, the excitation (1) is the first step of the multistep process, while the second step is
Here b(α) stands for the impacting particle or electromagnetic radiation in the state α, and b ′ (α ′ ) indicates one or more ionized and emitted particles. In two-step approximation, the probability of the processes (1) and (17) can be written as coherent sum, since the projection M 1 cannot be observed [18] :
H 1 and H 2 are the operators of the interaction in the first and second processes, respectively. Then the product (11) should be changed by
where the tensorial operator (12) acquires a more general form
Now the summation over M 1 and M ′ 1 in Eq. (18) may be carried out. From the examination of expressions (29) in [4] and (13) of the present work, for both terms in (18) it follows that only the tensors T
1 of the product of these tensors is equal to
Then the quantization axis can be chosen along the z axis of the laboratory coordinate system, and
The square root of the multiplier (2K 1 + 1)/(2J 1 + 1) is convenient to attribute to both terms of the following expression:
Here the sum over M 1 , M ′ 1 in Eq. (18) is changed by the sum over K 1 , N 1 , i. e. the probability of the twostep process is expanded as the sum of state multipoles [11] . Then the expressions for the photoexcitation probability and that of the second process slightly change. For the excitation probability, it is
The expression for the second term in Eq. (22) depends on the second step process. In the case of the Auger decay, it is presented by Kupliauskienė and Tutlys (see Eq. (4) in [19] ). The proposed method is easy to generalize for multistep process when intermediate states are not observed. In the case of a three-step process where the fluorescence radiation of the doubly charged ion formed after the photoionization of an atom and the Auger decay of a singly charged ion is registered, the summation over intermediate states gives
The square root of each multiplier (2K + 1)/(2J + 1) in Eq. (25) is also convenient to attribute to both terms standing side by side.
Practical applications
The expressions (13) and (23) represent the general case of the excitation of polarized atoms by polarized radiation. Two cases are chosen to demonstrate their practical application. The first case is the excitation of randomly oriented atoms by the circularly and linearly polarized dipole radiation. The second one is the excitation of polarized atoms by unpolarized radiation. Since usually the photoexcitation is used to prepare an atom in a polarized state, the practical application of the expression (13) is limited. Therefore, the abovementioned expressions will be obtained for the excitation probability in the first step process characterized by Eq. (23).
Photoexcitation of unpolarized atoms
To obtain the expression for the probability describing the excitation of an unpolarized atom by polarized dipole radiation, one needs to average the probability (23) over the initial states of an atom. The use of the expression (A1) from [15] M 0
in Eq. (23) enables us to write
Here θ, φ are polar and azimuthal angles between the direction of incoming radiation for the circularly polarized and unpolarized light, or its electrical vector E in the case of linearly polarized light, and laboratory z axis. When these directions coincide with the laboratory z axis, by using
the final expression may be written in the form
and P K (cos θ) is the Legendre polynomial [16] . In the case of circularly polarized electrical dipole radiation, k = 1, q = ±1, K = 0, 1, 2, the excited atom is oriented along the laboratory z axis if J 1 ≥ 1/2 because of the condition K ≤ 2J 1 . The ranks K = 1 and K = 2 describe the orientation and alignment [11] , respectively. For the linearly polarized light, q = 0 and K = 0, 2 because the Clebsch-Gordan coefficient in Eq. (30) is equal to zero when q = 0 and 2 + K is odd [10] . The unpolarized light is described by the sum of equal parts of the right-and left-hand circularly polarized radiation. Then the terms of the sum with K = 1 cancel, and only the terms with K = 0, 2 bring the contribution like in the case of linearly polarized light, but one must have in mind that q = 1. This means that the excited atom is created in the aligned state even if excitated by unpolarized radiation. For the description of orientation and alignment, the parameters A 1 and A 2 , respectively, were introduced [12] . In the case of excitation by electrical dipole radiation, their expressions are
A 2 = W 20 W 00 = 3 2J 1 + 1(−1)
For the linearly polarized dipole radiation, A 1 = 0, and
In the case of circularly polarized dipole radiation, A 2 coincides with that of unpolarized radiation:
(−1)
and
The calculated parameters describing the orientation A 1 (36) and alignment A 2 (34)-(35) of atoms excited by the electrical dipole radiation are presented in Table 1 . The orientation and alignment of the resonance state in the case of photoexcitation are welldetermined and both are model-independent because they do not depend on the values of the reduced matrix elements (see Eqs. (32)- (36)). Therefore, they can be used for the investigation of any atom in any experiment. The values of these coefficients can differ from those obtained by using the density matrix formalism by √ 2J 1 + 1 (e. g., [9] ) because of our definition (25) where [(2K +1)/(2J +1)] 1/2 is attributed to each term standing side by side.
The data from Table 1 show that all atoms excited to the states J 1 ≥ 1/2 by electric dipole radiation are oriented (J 1 ≥ 1/2) and aligned (J 1 ≥ 1). This polarization was observed in the second step process products. The transferred spin polarization of the resonantly excited 3d −1 J 5p Auger electrons of krypton was registered [20] to be 80%. 
Photoexcitation of polarized atoms
In the second case of the excitation of polarized atoms by unpolarized radiation, one needs to take into account the earlier mentioned description of unpolarized light and the condition that K = 0, 2, as well as that the laboratory z axis is aligned along the direction of incoming radiation. Then N r = 0 due to the relation (28), and the contribution of terms of only the same multipolarity Eq. (22) acquires a simpler form:
The angles θ and φ of the total angular momentum J 0 are measured from the direction of incoming radiation. In the electrical dipole approximation, K r = 0, 2, Eq. (37) can be written as
Parameter A 2 (J 0 M 0 , K 1 N 1 , θ, φ) describes the alignment of the excited atom that was created by the photoexcitation of a polarized atom. It depends on the orientation of the atom in its initial state, but is independent of the value of the reduced matrix element. The values of A 2 (J 0 M 0 , K 1 N 1 ) can be calculated if the orientation of the atom is known. In the case of J 0 aligned along the z axis that coincides with the direction of exciting radiation, the expression for In Eq. (41),
The calculated values for A 2 (J 0 J 0 , K 1 0, 0, 0) in the case of J 0 ≤ 3 and J 1 ≤ 3 are presented in Table 2 . They are also model-independent and can be used for the investigation of any atom in any experiment.
Concluding remarks
To summarize, a general expression for the excitation probability of polarized atoms by polarized radiation was obtained. The integration over the orbital and spin variables was performed by using the graphical technique of angular momentum. The approach is based on the ordinary atomic theory and is an alternative to the density matrix formalism in the case of pure states. Since usually the photoexcitation is used to prepare an atom in a polarized state, the general expression was also obtained for the probability of excitation as the first step process. The generalization of the obtained expressions in the case of a multistep process when intermediate states are not observed is presented. Two cases are chosen to demonstrate the practical application. The first case is the excitation of randomly oriented atoms by the unpolarized and by the circularly and linearly polarized dipole radiation. The second one is the excitation of polarized atoms by unpolarized radiation. The parameters describing the orientation and alignment in the case of photoexcitation are well-determined and both are model-independent because they do not depend on the values of the reduced matrix elements. Therefore, the calculated values of these parameters in the present work can be used for the investigation of any atom in any experiment.
